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Abstract. We show that an n-dimensional compactum X embeds in K™", where 
m > -^^^^^tll, if and only if X x X \ A admits an equi variant map to S"^^^. In 
particular, X embeds in K^", n > 3, if and only if the top power of the (twisted) 
Euler class of the factor-exchanging involution on X x X \ A is trivial. Assuming 
that X quasi-embeds in R^" (i.e. is an inverse limit of n-polyhedra, embeddable in 
M^""), this is equivalent to the vanishing of an obstruction in lim^ H^'^^^{Ki) over 
compact subsets Ki C X x X \ A. One application is that an n-dimensional ANR 
embeds in R^" if it quasi-embeds in R^"^^, n > 3. 

We construct an ANR of dimension n > 1, quasi-embeddable but not embeddable 
in R-^", and an AR of dimension n > 1, which does not "movably" embed in R^". 
These examples come close to, but don't quite resolve, Borsuk's problem: does every 
n-dimensional AR embed in M^"? In the affirmative direction, we show that an n- 
dimensional compactum X embeds in M^", n > 3, if ff"(X) = and H'^+'^{X,X\ 
x) = for every x ^ X. 

There are applications in the entire metastable range as well. An n-dimensional 
compactum X with H^^^{X\x) = for each x ^ X and alH < fc embeds in R^"^*^. 
This generalizes Bryant and Mio's result that fc-connected n-dimensional generalized 
manifolds embed in R-^"^'^. Also, an acyclic compactum X embeds in R'" iff X x / 
embeds in R'"+^ iff Xx (triod) embeds in R™'+^. As a byproduct, we answer a 
question of T. Banakh on stable embeddability of the Menger cube. 



1. Introduction 

It is well-known that all (compact) contractible n-polyhedra embed in M^" but 
not all in ]R^"~^ [We]. (The case n = 2 is more subtle: every contractible 2- 
polyhedron PL embeds in a homotopy 4-sphere, hence by Freedman's work embeds 
in M^.) This paper was motivated by 

Problem 1.1 (Borsuk, 1959). (see [Bo; IX. 2. 4]) Does every n-dimensional AR 
(—contractible, locally contractible compactum) embed inM?'^? 

As noted in [Bo], the answer is affirmative for n = 1. This follows e.g. from 
Claytor's theorem (see Theorem 2.1 below). Contractible n-dimensional compacta, 
non-embeddable in M^"^, were constructed by S. D. Iliadis for n = 1 [SS] and in 
[RSS] for all n. The construction of [RSS] will be discussed in Example 2.17, and 
here is another one. 
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Example 1.2 (the p-adic tree). Let X = Tcl(Zp Zp ...)*, the 

one-point compactification of the mapping telescope of p-fold self-coverings of the 
Cantor set, realized here as integral divisions by p in the topological ring Zp of p- 
adic integers. Clearly, X is contractible. It does not embed in since it contains 
a copy of the compactum T x N*, where T is the triod pt * (Z/3), and N* denotes 
the one-point compactification of an infinite sequence. It is shown in Example 
2.17 that T X N* does not embed in M^. Note that X is the inverse limit of the 

finite mapping telescopes X„ := Tel(Z/p" . . . Z/p 0) and maps 

Xn — > Xn-i shrinking the last mapping cylinder Cyl(Z/p — > 0) to the point and 
restricting to the trivial p-covering on its complement. 

Our initial result was that n-dimensional contractible compacta quasi-embed in 
]^2n for n > 2, that is, are inverse limits of n-polyhedra, embeddable in M?'^. (An 
equivalent definition is that for each e > 0, there exists an £-map X M^"^, i.e. a 
map whose every point- inverse has diameter < £.) 

Theorem 1.3. Every n-dimensional compactum X , n > 2, such that the map 
H'^(X, X \ x) ^ H'^(X) is onto for some x G X , quasi-embeds in R^"". 

This follows from Theorem 2.4 and Lemma 3.6(a). Note that not every n- 
dimensional contractible compactum can be decomposed into an inverse limit of 
contractible (or even acyclic) n-polyhedra — even if it is an inverse limit of PL 
balls of some dimension [Ka] . 

For ANRs (=locally contractible compacta). Theorem 1.3 holds if the coeffi- 
cients are reduced mod2; yet there exists an n-dimensional compactum X with 
H'^{X; Z/2) = 0, non-quasi-embeddable in M^" (see Example 2.6 and the subse- 
quent remark). This shows, in particular, that not every n-dimensional compactum 
X with H'^iX; Z/2) = is an inverse limit of n-polyhedra Pi with H^'iPf, Z/2) = 0. 

In pursuing further our approach to Problem 1.1, we gradually realized that we 
need no less than a complete cohomological obstruction to embeddability of an ar- 
bitrary n-dimensional compactum X into M?"' to start with. This obstruction 9{X) 
is the Euler class of the vector bundle X X/{Z/2), where X = X xX\A 

(with the factor exchanging involution), and R^" is endowed with the sign action 
of Z/2 (see other definitions in §2). While this is the straightforward generalization 
of the classical van Kampen obstruction to embeddability of a compact polyhe- 
dron into M^", from the geometric viewpoint it involves an additional "phantom" 
term due to more complex local structure of the compactum X , as measured by 
non-coUarable behavior of X x X \ A at infinity. 

The basic idea behind the completeness of 0{X) for n > 3 (Theorem 2.2) is that 
X embeds into M"^ if and only if an infinite polyhedron T of a certain kind (namely 
the mapping telescope of some inverse sequence of nerves of X), which is endowed 
with a proper "control" map to [0, cxd), admits a level-preserving embedding into 
R"^ X [0,oo). This was proved in a 1984 paper by the second author and M. 
A. Shtan'ko [SS] (not translated into English) using the techniques of embedding 
dimension to establish the "only if" part in codimension three. While we only need 
the easy "if" part here (see Criterion 3.2), the challenge is to construct a telescope T 
with vanishing cohomological embedding obstruction, knowing only the vanishing 
of the cohomological embedding obstruction for X. To this end we need some 
algebraic technique to capture the behavior of X x X \ A at infinity by means of 
the extra dimension occurring in T. Luckily, much of it turned out to be available. 
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in a disguised form, from the first author's work on isotopic reahzation [Ml] , [M2] , 
[M3], where the role of "local wildness" of the compactum was played by "global 
wildness" of the double point set of a continuous map between polyhedra. 

Now that the Borsuk problem has been reduced (in dimensions 2, 3), to a 
question of constructing an AR whose deleted product satisfies a purely cohomo- 
logical condition (see also Lemma 2.18), it looks even more formidable. For this 
realizability question is not an easy one! 

Theorem 1.4. Every n- dimensional compactum X , n > 3, such that the map 
H'^iX, X\x)^ H'^iX) is onto for some x e X and H^'+^iX, X\x) = Ofor each 
X E X , embeds in M^". 

This follows from Theorem 2.2 and Lemma 3.6. 

The reader should not be surprised at seeing the (n + 1) -dimensional cohomol- 
ogy of the n-dimensional compactum with support in a point. (Relative coho- 
mology modulo an open set is a counterintuitive object.) The simplest example 
of a point where such a group is nontrivial occurs as the point at infinity in the 
one-point compactification Tel(Pi —^P2-^---)*of the mapping telescope of a di- 
rect sequence of PL maps between compact (n — l)-polyhedra, provided that each 
£jn-i (p^_|_j^) _> H^~^{Pi) has a nonzero cokernel in the torsion-free part (see Exam- 
ple 2.8). Coincident ally, this compactum is an AR, as is every Tel(Pi — > P2 — ^ • • • )* 
where the Pj's are ANRs. 

Problem 1.5. Does every Tel(Pi P2 — > •••)* emfted in R^", where Pi are 
(n — 1) -dimensional polyhedra (or ANRs)? 

A good reason to focus on ARs with just one non-polyhedral point is that a 
contractible compactum embeds in M^"^ whenever it immerses there, i.e. admits a 
map into M?^ that is injective on a neighborhood of every point (Corollary 4.9). 

At a first glance, direct telescopes of graphs {n = 2) appear promising. By a 
well-known result of Conway-Gordon and Sachs, no matter how the complete graph 
Kq is embedded into R^, some pair of disjoint cycles in it will be linked with an 
odd linking number. (In fact, a given n-polyhedron P admits an embedding into 
]^2n+i ^j^gj-g iTffQ disjoint n-spheres in the image are linked if and only if an 
odd-dimensional analogue r]{P) of the van Kampen obstruction vanishes [M5].) If 
r — > Kq is a 3-fold covering, say, and its mapping cylinder has been embedded into 

X / in a level-preserving fashion, then F must have a pair of disjoint cycles linked 
in R^ X {0} with linking number equal to 3 times the linking number in R^ x {1} of 
some pair of disjoint cycles of Kq. Now if we ignore covering theory for a second and 

assume that there exists a 3-fold covering / : Kq Kq, then Tel(i^6 — ^ Kq — ^ ■ ■ ■) 
cannot be embedded into R"^ x [0, 00) in a level-preserving fashion, for the very first 
Kq would have to possess, for every n, a pair of disjoint cycles linked in R^ x {0} with 
linking number divisible by 3" — but Kq only contains 10 pairs of disjoint cycles! 
Thus every 3- fold covering Kq — > Kq would yield a solution to the Borsuk problem, 
for the level-preserving condition is not essential here due to the cohomological 
nature of the argument. 

But, of course, no such coverings exist. Since a p-fold cover of a graph with Euler 
characteristic x has Euler characteristic px, there even exists no direct sequence 
Fi — r2 — > . . . of non-trivial coverings of finite graphs with more than one cycle in 
at least one connected component. (This also has implications for direct sequences 
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of branched coverings between higher-dimensional polyhedra, which one may re- 
strict to maps between their intrinsic 1-skeleta, or inductively restrict to branched 
coverings between links of the vertices in the intrinsic 0-skeleta.) 

Theorem 1.6 [M6]. Let X — Tel(ri V2 — > • • • )* where Fi are finite graphs. 

(a) If each fi is onto a finite index subgroup on the tti level, X embeds into a Q 
such Q X R2 is homeomorphic to R . 

(b) X embeds into after amending each fi by a homotopy. 

The proof is modelled on the well-known proofs that 2-polyhedra, 3-deformable 
to a point, embed in R* and that 2-dimensional CW-complexes embed in R*. 

Problem 1.7. Does there exist an n-dimensional ANR, non-embeddable in R^", 
which can cover itself with finitely many branch points? 

Note that the "intrinsic 1-skeleton" of an ANR (whatever it means) does not 
need to be an ANR, and so can have an infinitely generated fundamental group. 

Organization of the paper. Results in the double dimension (n > 2n) are 
stated and illustrated by examples in §2. (Some further discussion is at the end of 
§3.) Theorems 2.2 and 2.4 are proved in §3. Results valid in the entire metastable 
range are stated and proved in §4. 

Acknowledgements. The first author is grateful to M. Bestvina and A. N. Dran- 
ishnikov for inviting him to discuss this work with them at their Universities and 
their support and useful comments. We also enjoyed critical and creative comments 
from P. M. Akhmetiev (in particular, Example 2.15 is his), stimulating questions 
of V. M. Buchstaber and T. Banakh (see §4), and information provided by A. V. 
Chernavsky, J. Keesling and A. B. Skopenkov. Some results of this paper were 
presented at Borsuk's 100th Anniversary Conference (B§dlewo, July 2005). 

2. Results and examples in the double dimension 

Throughout the paper X will denote the quotient of X := X x X \ Ax by 
Z/2 = (^t I t^^, acting on X by the factor exchanging involution (x, y) <-> (y, x). 

The definition of the classical polyhedral van Kampen obstruction i^iX) (see 
[M5]) makes perfect sense if X is an n-dimensional (metric) compactum, and then 
the same argument as in the polyhedral case shows that if X embeds in R^" then 
'diX) = 0. In more detail, we may define 'i?(X) e H^'^{X) to be e.g. g*iC), where 
g: X ^ R^^'^^ is any embedding (which exists by the classical Mcnger-Nobeling- 
Pontryagin theorem), ^ G if^"^(]RP°°) = Z/2 is the generator, and g: X ^ RP^"- is 
defined by {x, y} 1— > {g{x) — g{y))- Since any two embeddings X ^ R^"^+^ are iso- 
topic^, which is proved analogously to the Menger-Nobeling-Pontryagin theorem, 
this well-defines i^iX). 

Theorem 2.1 (Claytor— Skopenkov). [C], [Ski] A locally connected 1-dimensi- 
onal compactum X embeds in R^ iff 'd{X) = 0. 



Note that they need not be ambient isotopic, even if X = J"™. On the other hand, it is not 
hard to see that any two tame embeddings X ^ m2"'+2 are ambient isotopic, whereas Edwards 
proved that any embedding in codimension > 3 can be obtained by an (ambient) pseudo-isotopy 
of a tame embedding. 
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Remark. The idea of proof is as follows. Claytor proved that every locally con- 
nected compactum, non-embeddable in the plane, contains a copy of either or 
^3^3 (the Kuratowski graphs) or C5 or Cs^s [C]. Here C5 is the wedge of an arc 
(with basepoint at an endpoint) and the one-point compactification of K5/T (with 
basepoint at infinity), where K5 is the infinite cyclic cover of i^s corresponding to 
a map /: that contracts all the edges but one to G S"^ = M/Z, and T 

is an involution on descending to the reflection x ^ — x on R. Cs^s can be 
described analogously starting from Skopenkov observed that neither C5 nor 

6*3^3 admits an equivariant map to [Ski]. (The reader may want to reprove this 
fact along the lines of Example 2.17 below.) Finally, by the standard obstruction 
theory (cf. [M5] for the polyhedral case), existence of an equivariant map X ^ 
is equivalent to the vanishing of 0{X). 

Remark. The assumption of local connectedness is necessary in Theorem 2.1. The 
p-adic solenoid Tip, i.e. the inverse limit of • • • — > S — > S does not embed in the 
plane. For, assuming the contrary, we have by the Alexander duality Ho(M?\T,p) ~ 
H^{Tp) ~ Z[i], but the 0-homology of an open manifold must be free abelian. On 
the other hand, it was noticed by Skopenkov [Ski] that there exists an equivariant 
map S3 ^ 5^ therefore ^{^3) = 0. 

Theorem 2.2. An n-dimensional compactum X embeds in R^", n > 3, if and only 
if^{X) = e i?2"(X). 

This follows from Criterion 3.2, Lemma 3.3 and Proposition 3.4. 

The simplicity of the statement is deceptive. Let us represent X as a union of 
compact subsets Kq C Ki C K2 C ■ ■ ■ . We have^ Milnor's exact sequence (see e.g. 
proofs of Lemmas 2.16 and 2.18 below) 

^ lim^ H^^'-^Ki) H^'^iX) lim H^^'iKi) 0. 

If the coefficients are reduced mod2, the derived limit on the left hand side will 
trivialize, provided that X is an ANR. Indeed, by local acyclicity the images of 
the bonding maps may be assumed flnitely generated [Br], whereas any inverse 
sequence of finite groups satisfies the Mittag-Leffier condition.^ In particular, if 
19 {X) lies in this derived limit, it is infinitely 2-di visible (note also it always is an 
element of order two by definition). 

Example 2.3 (lim-"^). The simplest example of an inverse sequence of abelian 
groups with nontrivial derived limit is the "p-tower" ... — > 7^ — > Z, whose derived 
limit is Zp/Z, where Zp denotes the p-adic integers. (See [M2; Example 4] for 
several geometric interpretations of this computation, involving the 0-homology of 
the p-adic solenoid.) Now Zp/Z is the direct sum of an uncountable torsion-free 
group and Z(p)/Z, where Z(p) C Q denotes the localization. Thus it contains no 
elements of order two when p = 2 and precisely one such element when p is odd. 

■^The derived limit lim^ of an inverse sequence of abelian groups {G^; tt^} is the derived functor 
of the inverse limit lim. A resolution due to Roos identifies lim and lim-*" respectively with the 
kernel and the cokernel of r : O G'i ^ G^ij sending (ao, ai, . . . ) to (ao — Triai, ai — ^20-21- ■ ■)■ 

^An inverse sequence of groups Gi satisfies the Mittag-Leffter condition, if for each i there 
exists a, j > i such that for each k > j the image of Gk in Gi equals that of Gj . The ML condition 
is sufficient for the vanishing of lim^ and, if all Gj's are countable, also necessary [Gr]. 
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Another standard example of an inverse sequence with nontrivial Hm is "Jacob's 

ladder" . . . ©i^i ^ ©i^o ^- "^^^ derived limit would vanish (even though 
the Mittag-Leffler condition would still fail) if the sums were replaced by products.^ 

For brevity we shall use the notation 

H''{U) = lim H^{Ki), 

which is supposed to reflect the duality with Cech homology H^. The image 

of '&{X) obstructs only quasi-cmbcddability of X into M^". Indeed, let us take each 
Ki to consist of all unordered pairs {.x, y} with dist(a;,y) > Then a l/i-map 
fii X ^ M^n yigi^g ^ ^g^p J.. ^ RpS'^-i, {x,y} ^ {f{x)- f{y)), and the 

projection of '&{X) to H'^^{Ki) equals fUC): which is zero. 

The proof of Theorem 2.2 will be modelled after the (much easier) proof of Propo- 
sition 3.1, which together with completeness of i^iX) for compact n-polyhedra, 
n>2 (cf. [M5]) implies 

Theorem 2.4. An n- dimensional compactum X quasi- embeds in R^", n > 2, if 
and only if ^{X) = e H'^''{X). 

The restriction n > 2 is known to be necessary already in the polyhedral case. 
In the proof of Theorem 2.2, we encounter the stronger restriction n > 3 twice, for 
two apparently distinct reasons. 

Problem 2.5. Is 'd{X) complete for 2t- dimensional compacta? 

It follows from the definition that i^iX) equals e(?7x)^", the top power of the 
the twisted Euler class of the 2-cover r/x . X X (see [M5]). Even though it is an 
element of order two, a care must be taken to distinguish it from Wi{r]x)^^, the top 
power of the first Stiefel- Whitney class. An n-polyhedron P with wi{'qp)^^ — 
but e{ripY'^ ^ was constructed in [M5] for each n > 1. A minor modification of 
this construction yields 

Example 2.6. There exists an n-dimensional compactum X with H^{X; Z/2) = 0, 
which does not quasi-embed in M^". Specifically, such an X can be obtained from 
the 71-skeleton K of the (2n + 2)-simplex by replacing one n-ball in the interior 
of each n-simplex ai with the one-point compactification T* of the telescope of 
an inverse sequence of degree two maps S^~^ — > S'^~^. (Compare Example 2.12 
below, where a direct telescope of odd degree maps is used.) Since every cocycle 
with support in a point can be pushed towards the point at infinity *i of one of T*, 
where it becomes divisible by 2, we have H'^{X; Z/2) = 0. 

On the other hand, if g: X M^"^ is an e-map with e sufficiently small, then 
g{T^) n g{crj) — whenever i ^ j (where cjj denotes the modified simplex). Let 
Zi be the union of cr-,'s, disjoint from cTj; this is an n-sphere with some small 
balls replaced by T^ 's. Given a ball B around *i, small enough to be disjoint from 

^In addition to this assertion, the reader who would hke to familiarize herself with lim^ is 
invited to directly verify its non-vanishing for Jacob's ladder and the p-tower. Some references for 
lim^ can be found in [M3]. 
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(7(crj)'s, the sphere S"^ ^ at some level N in the telescope Ti is contained in B. Then 
lk(5^-\Zi) = ^lk{Sy\Zi) ^ ^ = 0e H^'iZi) ~ Z[i]. This linking number 
is the puUback of the generator under the map iy2n-i(^2n-i) ^ iy2n-i(^n-i ^ ^.^^ 
induced by the restriction of gi. It follows (cf. [M5; proof of Lemma 2.5]) that g 
(restricted to X \ A^A, where A^A is a neighborhood of the diagonal corresponding 
to e) is equivariantly homotopic to a map that factors through Xi \ NA, where Xi 
is constructed similarly to X except that the simplex Uj is left unaltered. Arguing 
by induction, we obtain an equivariant map K 5'^""^, which cannot be. 

Remark. If X is a locally acyclic n-dimensional compactum such that the map 
iy"(X, X\x; Z/2) ^ H'^iX; Z/2) is onto for some x e X, then e{X) = 0. Indeed, 
by the proof of Lemma 3.6(a), H'^'^{K; Z/2) = for all compact invariant K C X. 
Hence from the Bockstein sequence, every element in H'^'^(K) is divisible by 2. 
Since it may be assumed finitely generated [Bre], it contains no 2-torsion. So d{X) 
restricts trivially over every K, thus 0{X) = 0. 

Example 2.7 (Sklyarenko's compactum). Fix any n > 2 and consider the 
"local sphere" 5"^^ , that is the mapping telescope of a direct sequence of degree p 

maps S'^~^ — > 5"""^. Let X = X{n^p) be the one-point compact ificat ion of •S'^y^, 
and let oo denote the added point. It is easy to see that X is contractible and 
locally contractible. It was noticed in [Ski; Example 4.6] that H^~^^{X,X \ oo) is 
non-zero. 

Indeed, by the Milnor sequence this group is isomorphic to lim^ H'^{X, Ui), where 
Ui is the union of the first i mapping cylinders in the mapping telescope. Now 
each Gi :— H'^{X,Ui) ~ Z, and each support enlargement map G^+i Gi is 
the multiplication by p, for the fundamental cocycle with support in a point 
Pi e Ui+i \ Ui is cohomologous with support in X \ Ui-i to poji-i. Hence lim^ ^ 0. 

Remark. Note that X embeds in M?"' since there exists a pseudo-isotopy^ taking 
the standard embedding 5"-^ C S^""-^ onto the map S""'^ ^ S""'^ C -5^^-^ 
This pseudo-isotopy can be constructed directly for n = 2 and from the Zeeman 
unknotting theorem (or also directly) for n > 2. 

Example 2.8. In fact, degree p maps S'^~^ S'^~^ in Example 2.7 can be re- 
placed by arbitrary maps of compact polyhedra (or ANRs) P[^~^ ^i+i^ i^" 
ducing a homomorphism with nontrivial cokernel on {n — l)-homology modulo 
torsion. Indeed, then ■■■ H'^~^{P2) H'^~^{Pi), which is isomorphic to 
■ ■ ■ ^ H'^{X, U2) H^{X, Ui), does not satisfy the Mittag-Leffler condition, hence 
has a nontrivial lim"*^. 

Let us say that a compactum X movably embeds in M"^ if it quasi-embeds in 
R"^, and for each s > there exists a 5 > such that for each 7 > 0, every 5-map 
X — > is homotopic through e-maps to a 7-map. The following corollary to 
Theorem 2.2 ensures that movable embeddability implies embeddability. 

Corollary 2.9. An n-dimensional compactum X , n > 3, embeds in M^*^ if and 
only if there exists a homotopy /i^ : X — > R^"', t e [0, 00), where each hf is a j-map. 

^We recall that a pseudo-isotopy of M'" is a homotopy Ht ■ M™" M™" such that for each to < 1, 
HtQ is a homeomorphism; and the pseudo-isotopy is said to take g: X R"* onto / : X — > if 
Hq — id and Hig — f. 
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Proof. Let Ki G X he the set of all {x,y} with dist{x,y) < i, then the mapping 
telescope Tel(- ■ ■ ^ K2 ^ Ki) has the same cohomology as X. □ 

Since the deleted product of a polyhedron is homotopy equivalent to the simpli- 
cial deleted product, a compact n-polyhedron movably embeds in R^", n > 2, iff it 
embeds there. (Both this assertion and Corollary 2.9 remain true in the metastable 
range, see §4.) 

Example 2.10 (an AR that does not movably embed in R^"). Let X = 

X{n,p) be the Sklyarenko compactum, with 00 regarded as a basepoint. The 
wedge Y :— X y X is a contractible locally contractible n-dimensional compactum, 
embeddable into R^"^. We claim that Y does not movably embed into R^^. 

A sequence of |-maps fi'.Y^ R^" can be described as follows. Each /j sends 
the basepoint 00 to the center c of a 2n-ball S^"^, and properly embeds each copy 
of the telescope S^~^^ into S^"^ \ {c} = S'^^~^ x [0, 00) in a level-preserving fashion. 

The two copies of the (n — l)-sphere Si := Yrx{Ui) are linked by fi in S'^^~^ x {%} 
with linking number 1, and, writing tt for the projection of S'^^~^ x M onto the first 
factor, nfi{Ui U C7j) is contained in a regular neighborhood of 7Tfi{Si U Si) in S'^"'"^, 
so that fi{Si-j U Si-j) has linking number p*"-' in ^^n-i x {i — j}. Next, in the 
levels between i and i + ^ we set fi to be the track of a generic unlinking homotopy 
hf : Si U Si ^ S^^~^, whose only double point occurs at the level i + ^- Finally, in 
the levels between i + ^ and 00 we construct fi as in the remark following Example 
2.7, so that fi{Sj U Sj) is the unhnk in 5'2'^+i x {j} for each j > i. 

Suppose that some fi is homotopic to a ^^-map through 1-maps. Let us consider 
Zj = {UjX XLiX xUj)/ T. So we have a homotopy Hf-. X ^ R^"' , whose only double 
points Ht{x) = Ht{y) occur for {x, y} eY \ Zi, from fi to the map Hi whose only 
double points occur for {x,y} E Y \ Z^+i. Let Qi'. X ^ ]R2"+^ be an embedding 
projecting onto fi. Due to the existence of i^t, ^*(^) = G Zi). On the 

other hand, since fi has a unique double point at the level QiiC) is represented 
by the fundamental cocycle with support in a point {x, y} & Y where x and y lie 
in the two copies of t/j+i \Ui. It follows that the restriction Zi) — > 

H^'^iU^+i X Ui+i,Zi n C/f+i) ~ Z sends g*{^) to ±p'-^ x p^-^ ^ 0, which is a 
contradiction. 

Theorem 2.11. An n-dimensional compactum X , n > 3, movably embeds in M^"" 
if and only if ■^}{X) = and lim H'^'^~^(Ki) = 0, where Ki is a nested sequence of 
compact sets in X = [J Ki. 

The proof is similar to that of Theorem 2.2 (see also [AMI] and [M2]) and is left 
to the reader. 

Example 2.12 (an ANR, quasi-embeddable but non-embeddable in R^"). 
Let K be the n-skeleton of the (2n + 2)-simplex A"' * A'^+^ , n > 2. Let a; be a point 
in the interior of the n-cell A" of K and be a closed n-ball in the interior U of 
another n-cell of K. Let y be with replaced with a copy of the Sklyarenko 
compactum X = X{n,p), where p is odd. Let Z he Y with x and the point 
00 E X identified with each other. Then Z is a locally contractible n-dimensional 
compactum. We claim that Z quasi-embeds but does not embed in R^"'. 

Indeed, by [M5; Example 2.3], there is a map K — > R^" with one transverse 
double point c = d, where c lies in U \ B^ and d ^ x lies in the interior of A"'. 
By the preceding remark, one can convert this map into a map Y R^"^ with one 
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transverse double point c — d. By general position one can pinch the latter to get 
a map Z — > R^" with one transverse double point c = d. Thus T&iZ) is the image 
of a generator ( e H'^'^{Z, Z \ {c, d}). Since 'd{Z) has order two, it also equals the 
image of p^C, for any given i G N. But the image of p^C, can be represented by a 
cocycle with support in c x [X \ Ui). Thus "d{Zi) = 0, where Zi is Z with X \Ui 
identified to a point. Since n > 2, each Zj embeds in M?"', whence Z quasi-embeds 
in R2". 

On the other hand, suppose that g: Z ^ R^"' is an embedding. Let Sq~^ denote 
FrzX and S'^~^ denote Frx{Ui) for i > 0. If fi'lg^-iu^A^+i linking number I, 
then g\s'^-'^udA"+^ linking number p~^l. Since the latter must be an integer for 
every i e N, the only possibility is Z = 0. But this cannot be by [M5; Lemma 2.5]. 

Theorem 2.2 has the following 

Corollary 2.13. Any mod2 locally acyclic n-dimensional compactum, n > 3, 
quasi- embeddable in R^"'"^, embeds in R^". 

See discussion preceding Corollary 3.5 for a different proof of a special case of 
Corollary 2.13. 

Proof. Let X be the compactum, rj: X ^ X the cover, and Ki G X the set of 
all unordered pairs {x,y} with dist{x,y) > 1/i. Then a 1/i-map fii X ^ R^"'"-'^ 
yields a map Ji'. Ki RP^"'"^, {x,y} i— > {f{x) — f{y)), and the restriction of 
wi{r]f''^~^ to H'^'^~^{Ki) equals f*{^), which is zero. Since X is locally acyclic mod 
2 and C IntX^+i, the image of H'^''-^{Ki+i;Z/2) in H^''-^{K,;Z/2) is finitely 
generated [Bre], hence finite. Then the inverse sequence of H'^'^~'^{Ki;'L/2) satisfies 
the Mittag-Leffier condition, so its derived limit vanishes, hence wi{r]Y'^~^ — 
from the Milnor sequence. But '&{X) — e(?7)^" is the Bockstein image of wi{'r])'^'^~^ 
(cf. [M5]), so it vanishes. □ 

We note that among locally acyclic compacta are all homology manifolds. 

Corollary 2.14. A mod2 locally acyclic inverse limit of n-manifolds embeds in 
R^", n > 3, if either the manifolds are all orientable, or n is not a power of 2. 

Duvall and Husch show that for n = 2', an inverse limit of 3-coverings between 
connected sums of RP'^'s, and the inverse limit of trivial 2-coverings between disjoint 
unions of 2* copies of RP"^'s (that is, RP" cross the Cantor set) do not embed into 
]]j2n gygj^ ghape [DH]. These compacta are, of course, not locally acyclic. 

However, the condition of local acyclicity is necessary in Corollary 2.14 by the 
following example. 

Example 2.15 (Akhmetiev's compactum). For each n = 2' — 1 the 2-cover 
p: — > RP" composed with any topological embedding RP" ^ R^" is not ap- 

proximable by topological embeddings (for n = 1, 3, 7 see [M4; Examples 1 and 
3] and for I > 3 also [DH; Example 4.8]). It follows that the "discrete mapping 
cylinder" of p, that is, X := S'^ x N*/(^^oo)~(-x,c3o), where N* = N U {oo} denotes 
the one-point compactification of N, does not embed in R^"^. Note that X is the 
inverse limit of the n-manifolds Mj := S'" U • • • US'" URP" (which are parallelizable 
for n = 1, 3, 7) and the bonding maps Mj+i — > Mj that restrict to the identity on 
Mi C Mj+i and to the 2-cover Sf+i RP". 

This example answers [M2; Problem in the end of §3] in the case n = 3, 7. Partial 
results on the remaining case n = 2 were obtained in [CF] . 
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'd{X) can be computed using the following 

Lemma 2.16 (geometric computation of i?). Let X he an n- dimensional com- 
pactum, quasi- embeddable in M^"'. 

(a) Let fi'. X ^ R^" be an j-map for each z e N. Let Ki <Z X consist of all pairs 
{x,y} with dist{x^y) > j, and pick some homotopy Hi: Ki x I ^ RP°° between 

Ki^ Rp2"-i c EP°° and the restriction o//,+i. Let d(fi, fi+i) e H^''-^{Ki) 
be the image of H*{E) G H'^^{Ki x I^KiX dl) under the Thom isomorphism, where 
S e if2n^^oo^^2n-i^) ^ is a fixcd generator. Then '&{X) e lim^ H^''-^{Ki) = 
coker r is the coset of {d{fi, fi+i)) G UH'^'^'H^i) , where r: J] ^^"^''"^(^i) ^ 
YlH'^'^-^(Ki) is given by T{ai,a2, ...) = («!- 0'2\Ki,a2 - 031^2, • • •)• 

(b) Suppose that X is the inverse limit of {Pi; pj} so that each Pi° : X ^ Pi is 

a J -map and each Pi admits an embedding gi into M^"'. Let q°° : Ki — ^ Pi be the 
restriction of p°° x pf^ and let q\_^ : Pi \ 'E{pl_-^) — > Pi-i lift to the restriction of 
Pi-i X pI_i, where denotes the set of all unordered pairs {x,y} with x ^ y 

and f{x) = f{y). Then d{gip°° , gi-ipfl^) = {q°°)* d{gi, gi-iql_^) , where d{ip,^) is 
the first obstruction to homotopy of ip and 1/^.^ 

In particular, 'd{X) — ii and only if the infinite system of equations 

Xi-p{xi+i) = iqr)*di9ii9i-iQi-i) 

in the inverse sequence • • • ^ H'^'^~^(K2) H'^^~^(Ki) is soluble. 

Proof. Part (b) is clear. Let T be the telescope of the sequence of inclusions 
Ki C K2 C ■ ■ ■ , and let p: T ^ X he the projection and H : {T,\_\Ki x i) ^ 
(RP°°,EP2") be obtained by combining the Hi's. Then p* : H^'^iX) H^'^iT) is 
an isomorphism, which sends i!}{X) to H*{^), where ^ G H'^'^(MP°°) is the gener- 
ator. On the other hand, H*{^) is the image of H*{E) under the homomorphism 
H^''{T,\jKi xi)^ H^'^iT). Hence H*{$) = if and only if H*{E) lies in the im- 
age of 5* : KiXi)^ H'^''{T, l\K^xi). The latter can be identified with 
/, whence the coset of H*{E) in coker 5* gets identified with '&{X) G coker r. □ 

Remark. The statement of Lemma 2.16 may look cumbersome, but it formalizes 
a simple idea. If X is a polyhedron, 0{X) G H'^'^{X) can be represented by the 
double point set C X of a generic PL map X — > M^" (see [M5]). To be precise 
about geometrically representing cohomology classes, the representatives must be 
thought of as mock bundles (with codimension two singularities, which however do 
not occur in the present context, for a good reason [M5; §4]). If X is a compactum 
that is sufficiently "tame" to be considered as a polyhedron with singularities (e.g. 
if it is a Z-compactification of an infinite polyhedron), and it admits a "generic" 
map / into R^", whose double points do not directly involve the singularities, one 
can apply the same method to /. Another option, which works for arbitrary X, is 
to apply this method to a level-preserving generic map of the mapping telescope of 

^Given two maps <fi,ip: Pi \ S(p^ j^) RP-^""^, classifying the restriction of the 2-cover 
Pi Pi and coinciding on the (2n - 2)-skeleton, d{ip, ip) G H'^'^-^{Pi \ 7r2n-i(KP^""^)) 
is defined to be to the class of the cocycle, assigning to a (2n — l)-cell a the homotopy class of 
the map <p U V': cr ^da ~* SP"^^^^. If (p and V' are homotopic on the (2n — 2)-skeleton, let 
ip' be homotopic to tp and coincide with (p on the (2n — 2)-skeleton, then d{ip,ip) := d{ip,xl)') is 
well-defined. 
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an inverse sequence of nerves of X into M^"^ x [0, oo). Writing this out produces the 
statement of Lemma 2.16, where the difference d{gi,gi-iql_i) is now interpreted 
geometricaUy, as represented by the double point set of a generic homotopy between 
gi-iql_i and gi, restricted to Pi \ 

Example 2.17 (the Ljubljana compactum). Let T be the cone over the (n — 1)- 
skeleton of the 2?i-simplex (e.g. T=triod when n = 1), and let N* = N U {oo} 
denote the one-point compactification of N. Let us show that the contractible n- 
dimensional compactum T x N* U c x [0, cxo] does not embed in M?^, reproving 
the result of [RSS] (see also [RS], [KR]). The same argument works if T is an n- 
dimensional product of the cones over the n^-skeleta of (2n + 2)-simplices (e.g. the 
product of n triods). 

It suffices to show that T x N* does not embed in M^"^. Now T x N* contains 
the union K of the increasing sequence of compacta 

Ki = fsX An* U fsX N* U T^x (N* \ N* ), 

where N* — {i,i + 1, . . . , oo} and s stands for the simplicial deleted product (see 
[M5]). By functoriality of the Euler class it suffices to show that e{rijY'^ ^ 0, where r] 

denotes the restriction of the 2-cover T x N* ^ T x N* over K (see [M5] ) . Since N* 
is the inverse limit of the finite sets {1, 2, . . . , j}, each Ki is the inverse limit of the 
compact polyhedra obtained from Ki by replacing each occurrence of N* (resp. N*) 
with {1, 2, . . . , j} (resp. {i, . . . ,i}). Since the 2-cover Tg is homeomorphic 

to the 2-cover ^^n-i ^ Mp2n-i (ggg [^5]), it follows that H'^'^-^{Ki) can be 

identified with the subgroup Gi of ^nj>i 2zj x Y\.j>i Y\.k>j ^ consisting of all 
integer sequences {rijk), where k > j and either j > i or k = j, with each njj G 2Z 
and eventually stabilizing as /c — > oo in the sense that 3ko \/j > i \/k > max(j, ko) 
T^jk = '^min(j,fco),feo- (Thus abstractly G ~ 0^>]^Z.) We have the commutative 
diagram 

...^^ G, G, 



n 2z X n n z — > n 2z x n n ^, 

^J>1 / J>2k>j \j>l J j>lk>j 

and H'^'^~^{K) is isomorphic to the inverse limit of the upper row. 

Similarly, each G'^ := H'^^~^{Ki; Z/2) can be identified with the subgroup of all 

eventually stabilizing sequences in ^Hj^i 2Z/4j x Y[j>i Ylkyj ^Z^- 

that «;i(?7)2"-i G if^n-i^^. ^/2) ~ limGj has all rijj = 2 + 4Z G 2Z/4 and aU 

Ujk = whenever k > j. 

We will now compute e(?7)^" using Lemma 2.18 below. ^ First we find a lift of 
wi{r]) into some (nj^r^, n^^, . . . ) G H^j- We may take all n*^ = 2 G 2Z and all 



^A computation of e(ri)'^^ based on Lemma 2.16 may be shorter, if the proof of Lemma 2.18 is 
taken into account. The arguments in [RSS], [RS], [KR] are also not hard; yet another option is 
to induce i?(T x N*) from i?(T x /). The point here is to illustrate Lemma 2.18, which may find 
other applications in the context of Problem 1.1. 
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n'ji^ — 2 E Z when k > j. (We may not take all n*^- = 2 and all n^-^ = when k < j, 
since such a sequence does not eventually stabilize.) Now let m* = — 
i.e. nijf^ = n'jf^ — rC'^ when vl'^ is defined, and vrC"^^ = n^^j. otherwise. Then 
m*-^ = when j > i or k = j and m^^ = 2 for all k > i. By Lemma 2.18, 

6(77)^" e lim"*^ Gj is represented by (m^/2, m^/2, . . . ). It is not hard to see that this 
element is nontrivial, that is, the infinite system of equations Xi — pi{xi+i) = /2 
has no solution. The system Xi — Pi{xi-\^i) = m* admits the solution Xi = n\ in 
accordance with 2e(?7)^" = 0. 

Lemma 2.18 (intrinsic computation of 7?). Let rj he a 2-cover of the union K 
of a sequence Ki C K2 C ■ ■ ■ , and suppose that H'^''{Ki) = = H^'^-'^{Ki] Z/2) 
for each i. Then the element e{ri)'^^ e lim^ H'^^~^{Ki) is the image of wi{'q)'^^~^ e 
limiy^"'~-'^(i^^j; Z/2) under the connecting homomorphism from the six-term exact 
sequence corresponding to the short exact sequence of inverse sequences 

H^''-\Ki) H^''-\Ki) H^'^-^Ki; Z/2) 0. 

Note that the nature of ry is irrelevant for the conclusion. 

Proof. Let T be the telescope of the sequence of inclusions Ki C K2 C ■ ■ ■ , and let 
p: T ^ K he the projection. Then p* : H'^{K) — > H^(T) is an isomorphism, and 
\im H'^iKi) is the image of iy"^(T) in H"'{l\Ki x i) ~ ni?"^(Ki). The image of 
HH'^-^iKi) ~ H'^(T,\jKi X i) in H'^iT) is isomorphic to \im^ H'^-'^{Ki) (see 
proof of Lemma 2.16). 

On the other hand, lim H^"^~^(Ki) and lim H'^'^~^{Ki) are the cohomology 
groups of the 1-dimensional cochain complex Y\.H'^^~^{Ki) Y[H'^"'~^{Ki) with 
coboundary T(ai,a2,...) = (ai — a2\Ki,(i2 — (13\k2: ■ ■ ■)■ This r can be identi- 
fied with S*: H2n-i(UKi xi) ^ iy2n(T,[Ji^. X i). So what we need to show is 
that e(r7)2^ e im [H^''{T,\jKi x i) ^ H^'^iT)] lifts to an y e H^''{T,\jKi x i) 
such that 2y — S*{z), where z mo d2 G H^'^-WJK, X i; Z/2) coincides with 
wi(?7)2'^-^ G im [Jf^n-i^j.. ^/2) ^ Jf^n-i^y^^ X •. 2/2)]. 

Now e{ri)^'' G H^'^{K) is the Bockstein image of •u;i(?7)2^-^ G if^n-i^^. ^^2) 
(see [M5]). Hence e{p*r])'^^ G H'^'^{T) is the Bockstein image of wi(p*r/)^''~-^ G 
iy2n-i(T; Z/2). In other words, e{p*r]f = [Y] where 2Y = 6Z where [Z mod 2] = 
t(;i(p*r/)2'^-^ 

Since H'^'^{T, \_\Ki x i) ^ H'^^{T) is onto, we may assume that Y vanishes on 
L := \_\Ki X i; set y = [Y]. Then d{Z\i,) — SZ\l = Y\l — 0, i.e. Z\l is a cocycle; 
set z = [Z\l]. Finally, 5* (2) = [X] where X = where W\l ^ Z\l. We may 
take = Z, thus 6*{z) = [6Z] = 2[Y] = 2y. □ 

3. Proofs 

Proposition 3.1. Let X be the limit of an inverse sequence of compact 

n-polyhedra and PL maps, n > 1. If 'd{X) = 0, then for each k and e > there 
exists an I > k such that the composition of and an e-map X^ —>■ Y, factors 
through a compact n-polyhedron K with 'd{K) = 0. 

Proof. If is a map to Xk, let Sg((/?) denote {{x^y} \ dist((/7(x), (/?(?/)) < e}. By 
naturality of the Euler class, the image of '&{X) in H'^'^{X\T,e{p'^)) — lim iy^"(Xj\ 
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Sg(p^)) is the thread consisting of the restriction images of i > k. Since 

'i?(X) = 0, there exists anl > k such that the restriction image of i!^{Xi) in H'^'"'{Xi \ 
is zero. In other words, 'd{Xi) can be represented by a cocycle with support 
in Tig(j)\). Since this cocycle is top-dimensional, its support can be chosen in a finite 
set S/T C Eg(py , disjoint from the (2n — l)-skeleton of some triangulation of Xi. 

After a small perturbation of S/T we may assume that its 2-cover S d Xi 
projects injectively onto the first factor of XixXi and the set R :— (pj. xpj.) (5')\Axfc 
projects injectively onto the first factor of X^ x X^. For each {x,y) E R we have 
dist(a;, y) < e. Viewing 5' and R (or rather S U Ax, and R U Ax,,) as equivalence 
relations on Xi and X^, we have that the composition of and the quotient e-map 
tt: Xk — > Xk/R factors through the quotient K := Xi/S. 

The quotient map Xi ^ K induces a surjection q: Xi \ S ^ K , which identifies 
{x, a} with {x, b} whenever {a, b} e S. The cone of q collapses onto an (n + 1)- 
polyhedron, and therefore q induces an isomorphism on 2n-cohomology as long as 
n > 2. The image of i}{K) under the latter coincides by naturality of the Euler 
class with the image of i^{Xi) under the restriction H'^^{Xi) — >• H'^^{Xi \ S/T). 
Since the latter is zero by the above, d^K) =0. □ 

Remark. One may wonder whether it is possible to do without the e-map in Propo- 
sition 3.1. It would certainly be superfluous if we knew that (i) H'^'^{X \ T,{p^)) 
is the direct limit of H'^'^{Xi \ and moreover, (ii) the image of '(^(X) in 

H'^'^iX \ (rather than just the image of ^X) in H'^''{X \ S(p°°))) is zero. 

As for (i) , the letter X (viewed as a finite graph, namely the cone over 4 points) 
is the limit of an inverse sequence of the letters H, with bonding maps shrinking 
the horizontal segment onto an increasingly small subsegment in the center and 
fixing the four boundary points dH. Similarly, the double X of the letter X (that 
is, the suspension over 4 points) is the inverse limit of the doubles Xj :=HUaHH 
of the letters H and the doubled bonding maps p'j. Consider a nonzero element 
a G iif^(Xi) represented by a cocycle with support in r}, where I (resp. r) is the 
left (resp. right) lower endpoint of the letter H, viewed as contained in 9Hc Xi. 
The image of a in H'^{X \ S(p^)) is zero, but its images in H'^{Xi \ T,{p\)) are all 
nonzero. Hence the assertion (i) does not hold. Moreover, it is clear that no bonding 
map p\ factors through a map p: K ^ Xi such that a trivializes in H'^[K \ S(p)). 

Concerning (ii), note that lim does not always commute with lim . For instance, 

lim(J]Z-. J]Z^...)~ J]Z/0Z^O, 

fc>l fe>2 

whereas lim (nfc=i ^ ~^ 111=2 ^ —*■•••) = e?ic]i z e N. 

Criterion 3.2. A compactum X embeds in iff for each i G N there exist a 
\-map fi'. X ^ and a pseudo-isotopy HI : taking /i+i onto fi. 

Antecedents of this criterion and its proof include those in [I] and [SS]. 

Remark. The following was proved in [SS] using Shtanko's theory of embedding 
dimension [Sht]. If m — n > 3 and an n-dimensional compactum X embeds in 
R"^, then X can be decomposed into an inverse sequence {Xj;p* } of compact n- 
polyhedra and PL maps such that there exist PL embeddings fi'. Xi — > R"^ and 
PL pseudo-isotopies HI: R"^ R"^ taking fi+i onto fiP^^^. 
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Proof. Consider the maps gi = fi, 92 = 93 = H^^Hl^f^, etc., where the 

SiS are chosen so small that each ^fj+i is ^^-close to Qi, where 5i = min{ gj+i-j I 
1 < j < 7j > is such that dist{g j{x), gj{y)) > whenever dist(a;, y) > j. 
Since 61 + 62 + ■ ■ ■ has a convergent majorant 7i(| + | + . . . ), the gr^'s uniformly 
converge to a map g: X ^ MJ^. Since 6i + Si^i + • ■ • < for any points x,y E X 
with dist(a:, y) > i, the triangle axiom implies dist(5f(a;), 5f(y)) > 27^ — ^ — ^ > 0. 
Thus (7 is an embedding. □ 

The content of Criterion 3.2 is illustrated by the following simple observation. 

Proposition. If P is a compact n-polyhedron, for every PL map f:P^ ]R^"'+^ 
there exists a PL embedding g: P ^ M^"+^ and a PL pseudo-isotopy of M?'^^^ 
taking g onto f. 

Remark. The following addendum to this proposition was proved in [Ml]: if n > 1, 
then for each £ > there exists a 5 > such that any PL embedding, 5-close 
to /, can be taken onto / by a PL £-pseudo-isotopy. This is not the case for 
n = 1 [Ml] . The proposition and the addendum hold even if R^'^+^ is replaced 
with any M"^, where m — n > 3 [Ml]. On the other hand, the proposition and the 
addendum remain true if one drops all occurrences of "PL", provided that n > 1 
[Ml]. When n = 1, this is not so for the addendum (it can be shown, using the 
first author's multivariable version of the Conway polynomial, that the Bing sling 
precomposed with the trivial 2-cover of cannot be obtained by a pseudo-isotopy 
of any embedding) , and whether this is so for the proposition depends on a certain 
conjecture in classical (tame) link theory. 

Proof. In some triangulations where / is simplicial, let Q be the 2?i-skeleton of the 
dual cell complex C of ]R^"^+^, and let R denote the {n — l)-polyhedron f~^{Q)- 
By general position, there exists a PL embedding g\ji: R — > Q and a PL pseudo- 
isotopy Htlq: Q ^ Q such that Hq = id and Hi{g\ji) = f\ji. Extend glnhy general 
position to an arbitrary PL embedding g: P ^ ]R^"+^ such that g~^{v*) = f~^{v*) 
for each (2?i+l)-cell v* of C dual to a vertex Vi of the triangulation of M"'"'"^. Viewing 
Ht as H : Q X I ^ Q X I , extend it conewise to each cone {vi, 1) * [dv* x /), whose 
"inner" boundary is -D^ := {vi,l) * {dv* x 0), and then conewise to each cone 
{vi, 0) *Di. Then Hig = f. □ 

Notation. If / : X — y is a map, let S(/) C X denote the set of all unordered 
pairs {x, y} of distinct points of X such that f{x) = f{y). If an (n-|- 1) -dimensional 
(T-compactum T is naturally equipped with a proper map A : T ^ [0, 00) (its choice 
will be clear from the context in each case), we define = S(a) C T, its double 
cover C T, and 1»^{T) = e(T^ ft^yn^ 

Lemma 3.3. Let T he the mapping telescope of an inverse sequence {Xi-.p^-} of 
compact n-polyhedra and PL maps, n > 3. If 'di,{T) = 0, then for each i there 
exists a PL embedding gi: Xi ^ M^" and a PL pseudo-isotopy taking gi+i onto g^. 

Proof. We have G*{i) = for some G:f^^ EP^^+i classifying 77: ^ T^, 
where ^ G H"^"^ (WP'^'^^^) is the generator. Let U be some triangulation of the 
(2n+l)-polyhedronf^. We may assume that ^(t/^^"-!)) c RP^"-^ ThenG*(Ois 
by definition the obstruction to the existence of a map t/^^"^ — > RP^""^, coinciding 
with G on By the obstruction theory, such a map exists; if n > 1, it still 

classifies 77. The obstruction to the existence of a map U ]RP^"~^, coinciding 
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on with the map just constructed, hes in 7r2n(RP^""^))- (The 

coefficient sheaf is constant since its stalks have order two.) 
This group can be computed from the Milnor exact sequence 

^ hm^ iy2"(C/i;Z/2) ^ Z/2) ^ hm Z/2) ^ 0, 

where Ui =/\-^ ([0,i]). The inverse sequence on the left hand side consists of finite 
groups, hence satisfies the Mittag-Leffler condition and therefore has trivial derived 
limit. On the other hand, each Un collapses onto the (2n)-polyhedron 

n 

Xo U y iV, U Cyl X p:_i)|FrivJ , 

i=l 

where each Ni is the second derived neighborhood of "E(p^_]^)Uinfinity" in some 
triangulations of Xi where p\_i are simplicial for i < n. Thus H'^^^^{U;'L/2) = 0. 
By the obstruction theory there exists a map F: U ^ RP^"^"^ classifying ry. By 
the covering theory, F lifts to a map — > S'^"^"^; it is necessarily equivariant if 
is connected, and otherwise can be easily made equivariant. 
Now contains the mapping telescope of the inverse sequence of polyhedra 
Xi and partial maps ql~^^ : ^i+i D ^i+i \ '^{pI'^^) obtained by restricting 

Pi^^ xp*"*"^. Thus there is a sequence of equivariant maps Fi: Xi ^ S'^^~^ such that 
each restricted to Xi^i \ E(p*"'~^) is equivariantly homotopic to Fiq^^^ . By the 
Haefliger- Weber criterion there exist embeddings Qi'. Xi^ R^" such that each gi is 
equivariantly homotopic to Fi. It follows that each ^j+i restricted to X^+i \E(p*"'""^) 

is equivariantly homotopic to QiP^^^ ■ Then by the leld version of the Haefliger- 
Weber criterion, a computation of the deleted product of a mapping cylinder and 
some PL topology [Sk2; Pseudo-isotopy Theorem 5.5] + [Ml; Theorem 1.12] there 
exists a PL pseudo-isotopy taking gij^i onto gi. (The proof of Theorem 5.5 in [Sk2] 
contains a minor gap: it is not proved there that a PL pseudo-concordance can be 
split into a PL pseudo-isotopy and a genuine PL concordance — a fact less obvious 
than its DIFF counterpart; luckily, it was verified in [Ml].) □ 

Proposition 3.4. Let X he the limit of an inverse sequence {X^ip*} of compact 
n-polyhedra and PL maps. Let T\ he its mapping telescope, and if h: N ^ N is an 
increasing sequence, let denote the mapping telescope of and let 

s^: Th ^ Ti he the fiherwise map ohtained hy comhining the p'^^^^ 's. 

(a) If'd{X) = 0, then for any proper map e: N — (0, 1] there exists an increasing 
sequence / : N ^ N such that after amending each pl'^^ hy a self-map of Xi, e{i)- 
close to the identity, can he represented hy a cocycle with support in '^{s\). 

(h) If n > 3 and 'i?A(21;) can he represented hy a cocycle with support in T,{s{), 
then s[ fiherwise factors through the mapping telescope K of an inverse sequence 
{Ki; g*} of compact n-polyhedra and PL maps such that '^^.{K) = 0. 

(c) There exists a proper map e: N ^ (0, 1] such that the inverse limit of any 
{Ki;qj} satisfying the ahove with this e is homeomorphic to X. 

Proof, (a). Since each p^'^^ is uniformly continuous, without loss of generality 
dist(a;,y) < e{i + 1) for x,y e Xi+i implies dist{pl'^^{x),pl'^^{y)) < e{i). If ip 
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is a map to Ti, let Sg(</') denote the set of all unordered pairs {x,y} such that 
A {(p{x)) =A {(p{y)) =: t and dist{(p{x),(p{y)) < e{\t]). 

Step 1: 31 such that '&a{Ti) can be represented by a cocycle with sup- 
port in 'Eg{s\). Write Too = X x [0, cxd), and let sf^ : Ti be the projection. 
By naturality of the Euler class, the image of 't?A(T'oo) in H'^^{T^ \ 'Eg{s'^)) = 
lim H^'^{T/^ \ 'Eg(si)) (the direct limit over all increasing sequences h: N ^ N) is 

the thread consisting of the restriction images of '(^^(T/i). Since '&{X) = 0, we have 
"i^AlToo) = 0, hence there exists an increasing sequence Z: N — > N such that the 
restriction image of ^^iTi) in H^''{T/' \ ^sis[)) is zero. In other words, t^aI^O can 
be represented by a cocycle with support in Se(s]^). 

Since this cocycle is of codimension one, its support can be chosen in a 1- 
polyhedron S/T C Tjs{s{), where S U A^j is a subpolyhedron of Ti x Ti, and 
S C ff" is disjoint from the (2n - l)-skeleton (J.(aX,(j) x ^^^(j))^^^-^) x (z - 1, i] 
for some triangulations aXi of Xj such that each p*"*"^ is simplicial in aXi^i and 
some subdivision of aXi. We may assume that s{i) is less than the minimal dis- 
tance between disjoint simplices of aXi. Let Xi denote x {i} C Ti and let 
1+ : N — s> N be given by = i + 1. Without loss of generality l{i — 1) > i for 
each i, so : Ti Ti+ is defined. 

Step 2: S/T n Xf" C after amending each p*^^ by a self-map 

of Xi, £(z)-close to the identity. Fix some z e N. Without loss of generality, 
Ai := S n is a finite set. After a small perturbation (of S/T) we may 

assume that Bi := pf^~^^ x p''^^~^\Ai) projects injectively to the first factor of 
Xi X Xi. Since Ai C E£(j)(p^*-' ^^), for each {x,y) G Bi wc have dist(x,y) < e{i). 
Since e{i) < mcsh{aXi), the projection Bi G Xi x Xi Xi extends to a map 
A^: Cj\{Bi B,/T) X,, which sends B,/T to the set a*xf^^ n aXf""^^ of the 
barycenters of all (n — l) -simplices of aXi, and embeds the complement of Bi/T into 
the complement of cxX^^ ^\ Then the image of Aj is a disjoint union of 1-polyhedra 
Cij (specifically, cones over finite sets), each of diameter < e{i), collapsible onto 

their intersections with aXl^~^\ Hence each is shrinkable, that is, if N is 
its second derived neighborhood in aXi, then {N,FrN) is PL homeomorphic to 
{N/CijjFrN). Viewing Ci := [J Cij x Cij (or rather Ci U AxJ as an equivalence 
relation on Xi, consider the quotient £(i)-map Tii: Xi — > Xi/Ci. Since each Cij is 
shrinkable, tt^ is arbitrarily closely approximable by a homeomorphism hi'. Xi —>■ 
Xi/Ci, and since each has diameter < e{i), Qi := h~^'Ki is a self-map of Xi, 
e(z)-close to the identity. Writing f'^^ for QiP^j^^ we have Ai C T,{'p^j^^) since 
Bi C Ci. Writing for p^"*"^ . . -Pj-i, we also have Ai C T^{pl^~^^) since Ai may 
be assumed disjoint from {pj^~^^ x Pj^~^^)~^{Cj) for each j with l{i — 1) > j > i. 

Let Ti be the mapping telescope of {Xi^i^,p^'^}, and define s\^: Ti — > Th by 
combining the p|j^(]-)'s. We have S/THX^" C T,{.s\^). To keep track of the entire S, 

we need to devise a map Ti Ti. The bonding maps p'j. admit another definition 
in the case where j is known as a function of fc, in particular when k = and 

3 = l{i + 1) for some i. Let C^^ = U pl+\Ck+i) U • • • U p'^-^{Cj_i). We 
may assume that C^^'^ is collapsible onto finitely many points, and is disjoint from 
X^ ^\ except possibly at some of these points. (To achieve this, we need to make 
sure e.g. that Ck+h is disjoint from S(p^"'"'*) for each h < j — k, which requires 
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knowing j = j{k) in advance.) Then we may use Cj^ to similarly define a map 
gj^ : Xk — > with finitely many nontrivial point-inverses, all of them shrinkable 
and of diameter < e{k), and such that p^. = fif^ Vfe- 

Let : — > T/ be obtained by taking the quotient of each x [z — | , i — 1] c 

Ti, identified with Cjl{gf^^^\^) , by the projection Cyl(5f 1) ) ^ onto the 

image of gl\fl\y Since cf^l{^ is disjoint from Ai, ^'{S/T ^ Xj') = S/T n Xj" C 

where (p' : Ti\ — > T/ lifts to the restriction of (/? x 99. We may assume 
that S/T is disjoint from S(v') and more generally Lp^^{(p{x)) = {x} whenever 
{x, y) e S. Since the cone of (f is PL homeomorphic to a (genuine) cone, so is that 
of if', and consequently that of its restriction V' : \ (S((^) U S/T) ^ fi\ (p'{S/T). 
Hence i/j is a homology equivalence, and so 'd^{Ti) can be represented by a cocycle 
with support in S/T := Lp'{S/T). By the above, S/TnXf" is contained in S(s'^+). 

In the remainder of the proof we shall not use the original p^j, Ti, s^, S ; these 
symbols will be recycled to denote what was previously referred to as pp Ti, sj^, S. 

Step 3: S/T C ^{s\) after further amending each p*"*"^ by a self- map of 
Xi, £(i)-close to the identity. Let Si C ^^(i-i) x X^i_i) denote the projection 

of Sr\Xi(^i^ X (i — and consider Ri := pf^~^^ x p^^'~^\Si). Prom Step 2, 
p^i^~^^ xp'*-*""*"^ sends both S'nX;(j_i) and p^|^^_-[^-|(S'nX;(j)) into Ax,- Since n > 2, 
we may assume that Ri projects injectively onto the first factor of Xi^Xi. Let Rf 
be the preimage of aX^^ ^-^ under this projection, which without loss of generality 
is a finite set. Since S C Ee(s5^), for each {x^y) e Ri we have dist{x,y) < e{i). Let 
Pi and P* be the quotients of Cyl(i?i Ri/T) and Cyl(i?f R* /T) obtained 
by shrinking to points the point-inverses of the projection of [Ri fl Ax^ ) x I onto 
the first factor; we may assume that Ri fl C Rf . Since e{i) < mesh(aXi), the 
projection Ri C Xi x Xi ^ Xi extends to a map fii: Pi Xi which sends Rf /T 
to a*xf ^ n aXf""^^ and Ri/T to ^ n and embeds P* \ {Pf /T) 

into aX^^""'^^ \ aX^""'^^ and Pi \ {Ri/T U P*) into Xi \ aX^''~'^\ Then A*i(i^*) 
is a disjoint union of shrinkable 1-polyhedra Dij of diameter < e{i) each. We 
may view Di := \JDij x Dij (or rather Di U AxJ as an equivalence relation 
on Xi. Now fii{Pi)/Di is a union of 2-polyhedra E'y, disjoint from each other 

except at the finite set a*x'f^ fl aX^^'"^^] each Eij is of diameter < e{i) and 

meets precisely one open (n — l)-simplex of cxX[^ ^\ The projection Pi — * Ri/T 

descends to maps Vij : Eij Eij fl aXj^^ ^\ and it is easy to see that if is the 

second derived neighborhood of Eij in aXi relative to (xX^^ then (A^, FrA^) is 

PL homeomorphic to (N/uij^FrN) keeping fl cxX^^ fixed. ^ It follows that 
if Ui'. iJii{Pi) — > iJbi{Ri/T) lifts to the projection Pi — > Ri/T^ the quotient £-map 
Hj: Xj — > Xi/vi., shrinking the point-inverses of Vi to points, is arbitrarily closely 
approximable by a homeomorphism Hi \ Xi ^ Xi/vi^, and the self- map /j := H~^Hi 
of Xi is £(z)-close to the identity. 

Let us now write p^^^ for fip]^^- In the obvious fashion one defines p*-, 

s\: Ti Ti, T): Ti Ti and rj': Ti\ T,{r]) Ti, and verifies that '^/^{Ti) can be 
represented by a cocycle with support in r]'{S), which is contained in S(s^]^). □ 

^If /: A D B — > C is a partial map, under A/f we mean A/{f x /)~^(Ac). 
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(b) . Since the cocycle representing i?(T/) is of codimension one, its support can be 
chosen in a 1-polyhedron S/T C ^{s[), where SuAti is a subpolyhedron of TixTi, 
and S C ff" is disjoint from the (2n-l)-skeleton \J-{aXi(^i^ xaX;^^))^^"'"^) x 

for some triangulations aXi of Xj such that each p*"*"^ is simplicial in aXi^i and 

some subdivision of aXi. 

The closure of in T; x Ti may be viewed as the union of compact 1-polyhedra 
:= Sn {Xi(^i) X {i- l,i]) in the mapping cyhnders of rl_-^ := x p\\'i-i)- 

Let Rf~^^ be the projection of Si to Xi^,_^) x X^,_i). Set = {rl_^)-\Pl"~^^) 

and = r*~^(P]^^) for j < i — 1. Let i' be the maximal index such that < i. 

Then i?f ^ C Ax^^.,, since S/T C S(s'i). Consider 

i?. = X (z - 1, z] U i?f "^^ X (z - 2,z - 1] U • • • U i?f X (z',z' + 1]. 

Finally, the 2-polyhedron R := [j - Ri \ At, is our "shadow" of S. The transitive 
closure Q of i?, i.e. the set of all pairs (xi^Xr) G Tf" C Ti such that (x^, Xj-i-i) e R 
for i = 1, . . . , r — 1, is a 2-polyhedron contained in the transitive set Ti{s\). 

View Q and := <5 H (or rather their unions with Aj-, and Ax^^,) as 

equivalence relations on Ti and Then s\ factors through K :— Ti/Q, which 

is the mapping telescope of the inverse sequence formed by Ki := Xi(^i-^/Qi and the 

quotients of the bonding maps . This yields a surjection q : Tf" \{Q/T) — > K^, 

whose S(q') meets every level (t) in an (n-l-l)-polyhedron, and therefore is itself 
an (n + 2)-polyhedron. Hence the cone of q collapses onto an (n + 3)-polyhedron, 
and therefore q induces an isomorphism on 2n-cohomology, since n > 4. The image 
of under the latter coincides by naturality of the Euler class with the image 

of '&a{Ti) under the restriction H'^"'{Ti') — > H'^"'{Ti' \ {Q/T)), which is zero since 
S gRcQ. Thus ^^iK) = 0. □ 

(c) . For a sufficiently rapidly decreasing £, the inverse limit of the modified {Xj, pj} 
is X by a well-known lemma of M. Brown [Bro; Theorem 2]. Now {Ki, qj} can be 
obtained from {Xj,p* } by a thinning out of indices, the inverse operation, and a 
further thinning out of indices. □ 

The following Corollary to Theorem 2.2 seems to be of more interest in connec- 
tion with the proof of this theorem, rather than with its applications. Let us call a 
compactum X pseudo-embeddable into M"^ if it is the limit of an inverse sequence of 
compact polyhedra Xj and PL maps between them such that each finite mapping 
telescope Tel(X/s Xi —> Xq) admits a level-preserving embedding into 

X [0,A;]. (Recall from Criterion 3.2 that level-preserving embeddability of the 
entire infinite telescope into MJ" x [0, oo) is equivalent to embeddability of X into 

The ANR from Example 2.12 is an example of a compactum, pseudo-embeddable 
but not embeddable into R^". More generally, pseudo-embeddability is equivalent 
to quasi-embeddability for any inverse limit of compact polyhedra and cell-like 
maps between them. Indeed, given a polyhedron Xi+i C M"^ and a cell-like map 
pI^^ : Xj_|_i — > Xj, the quotient map — > W^/p]'^^ shrinking to points the point- 
inverses of pI'^^ is the final map of a pseudo-isotopy of (by Siebenmann's theo- 
rem, extended to dimension 4 by Quinn), which yields a level-preserving embedding 
Cyl(p*"^^) ^ X [z,z 1], extending the given embedding X^+i ^ W^. 

In particular, every AR from Problem 1.5 pseudo-embeds into M^"^. 
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Corollary 3.5. An n- dimensional compactum X , n > 3, embeds into M^"" if it 
pseudo-embeds into R^"'"^. 

It follows that Akhmetiev's compactum from Example 2.15, which quasi-embeds 
into M^"~^, does not pseudo-embed into M^"-^-*^. 

Proof. Let Too be the infinite mapping telescope of the given inverse sequence. By 
the hypothesis, every finite initial telescope C T^o embeds into R^"^"^. Hence 
wiif-^ fA-^2u-i ^ Q ^g^^Yi i. Since the groups H^''-^{f/';Z/2) are finite, 
their inverse sequence satisfies the Mittag-Leffler condition. Then from the Milnor 
sequence, wi{f^ T^)'^''~^ = 0. Hence its Bockstein image (cf. [M5]) '&^{Too) = 
e(T^ — > Tj^)^" vanishes as well. By Lemma 3.3 and Criterion 3.2, X embeds into 
M^"^. (Alternatively, from the proof of Lemma 2.16 one can deduce that 'd{X) = 
and refer directly to Theorem 2.2.) □ 

The following lemma was used to deduce Corollary 2.6. 

Lemma 3.6. (a) J/iJ"(X, ^ is onto for some xeX, H^'^iX) = 0. 

(b) If in addition X\x) = Ofor every xeX, H^'^iX) = 0. 

In particular, H^{X \ a;) = for every x E X implies H'^'^{X) = 0. Note also 
that H'^'^^{X, X\x) is either zero or uncountable [Harl]. 

Proof. The hypothesis of (a) implies that H'^{X) lies in the image of lim H^{Ui), 

where Ui is a fundamental sequence of open neighborhoods of the given point x. 
By the functoriality in the Kiinneth formula [Bre], H^'^{X^) lies in the image of 
lim Hl'^iUf). So iy2n(x2, X2 \ {x,x)) H'^''{X'^) is onto. Hence H^'^iK) = for 

every compact K C X. Then by one of the Smith sequences, H'^'^{C) = for every 
compact C C X, which completes the proof of (a). To deduce that H'^'^{X) = 
(which will similarly imply (b)), it remains to show that H'^"''^^ [X'^ , X) — 0. 

Let X ^ X and let Ui{x) be a fundamental nested sequence of open neighborhoods 
of X. By the Milnor exact sequence, lim^ if"(X,X\t/,(x)) = iy"+i(XX\x), which 
is zero by the hypothesis. Since each i7"(X, X \ Ui{x)) is countable (being a direct 
limit of cohomology of compact polyhedral pairs), the vanishing of the derived limit 
is equivalent to the Mittag-Leffler condition [Gr]. For convenience of notation we 
shall use cohomology with compact support H^{Ui{x)) = H'^{X, X\Ui{x)). Thus 
for each p and each x & X there exists a. Qx > p such that for each r > Qx the 
image of H^^{Ur{x)) in H^{Up{x)) does not depend on r. By the functoriality in 
the Kiinneth formula [Bre], so does the image of Hl'^{Ur{x)'^) in H^'^{Up{x)^). 

Consider the fundamental nested sequence Vi := IJxex Ui{xY of open neighbor- 
hoods of Ax- (The use of the uncountable Axiom of Choice can be eliminated 
using compactness of X.) Since X is compact, there exists a, q > p such that 
Vq is contained in V :— [JxeS^Qxi^)^ some finite S G X; without loss of 
generality, q > Qx for each x e S. By an iterated application of the Mayer- 
Vietoris sequence, ®xes^c"'i^<ixi^)'^) ~^ H^^{V) is onto. Therefore if r > q, 
Hc''{UxesUr{x)^) Hl^{V) is onto. Since [jxesUr{xf C K C F C Fp, the 
image of iff"^(K) in H^^{Vp) does not depend on r, as long as r > g. Thus 
^2n+1^^2^ X) = lim^ H^^'iVi) =0. □ 
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4. Results in the metastable range 
The definition of the extraordinary van Kampen obstruction 



to embeddability of X into as given in [M5] makes perfect sense if X is a 
compactum of dimension < m. Here Kj^ denotes the pointed Z/2-space K U *, and 
S'^'^ is the m-sphere with the action of Z/2 fixing the basepoint * and restricting 
to the sign action x <-> —x on the complement of *, identified with R"^. The 
obstruction Q'^{X) is the class of the composition 



mT 



X ^S°^ ^ = A 5"^^ s 

of an arbitrary equivariant map X S°° (with respect to the antipodal action of 
Z/2 on S°°) and the obvious projections. If X embeds in M"^, such a map factors 
up to equivariant homotopy through S"^~^ C 5*°°, hence G"^(X) = 0. Let 
be the image of Q'^{X) in a)^^(X_|_) := lima;^^(i^_|_), the inverse limit over all 

compact invariant subsets K G X. 

Lemma 4.1. [M5; proof of Lemma 4.4] Q'^{X) = iff there exists an equivariant 
map X — s> S'^~^, and 0™-(X) = iff such a map exists over each compact invariant 
subset K C X . 

Lemma 4.1 will not be used in the proof of 

Theorem 4.2. Let X be an n- dimensional compactum. 

(a) X embeds into R"^ , m > if and only ifO'^iX) = e u^/'^{X+). 

(b) X quasi-embeds into , m > if and only ifQ'^{X) = e 

Proof. Modulo its polyhedral case, which is proved in [M5], Theorem 4.2 follows 
by the same argument as Theorems 2.2 and 2.4, using that a;^^2 is a generalized 
Z/2-equivariant cohomology theory, cf. [M5]. The grading is "upside down" in 
that uj^j^iY) vanishes for m > dimy, but may be nontrivial for negative m. In 

particular, the vanishing of H'^^{P'^ /{Z/2)), where 2n > k, now becomes that 
of a;^^(P'^), where m > k. (This was used in the very ends of the proofs of 
Propositions 3.1 and 3.4b, where the cones of certain maps, denoted by q in both 
cases, collapse onto a fc-polyhedron P, where k = n+{2n — m) + l and n + {2n — m + 
1) + 1 + 1, respectively.) With these matters taken into account, only straightforward 
changes are to be made in the proofs, including a routine generalization of steps 
2 and 3 (which involved no cohomology whatsoever) in the proof of Proposition 
3.4a, and a simplification of the proof of Lemma 3.3, where the computation of the 
second obstruction is no longer necessary. □ 

Proposition 4.3. Let X be an n-dimensional compactum and Y a compactum of 
dimension < f + such that there exists an equivariant map S^~^ — > CY. 

Then e"^+'=(X *Y) = implies e"^(X) = 0. 



Proof. The intersection of CY with Y x CY U CY x y is equivariantly homotopy 

Pi ~ P2 

equivalent to the double mapping cylinder Z of the projections Y < — Y — > Y. 
An equivariant retraction of CY onto this intersection is given by {{x,t), (y, s)) t-^ 
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{{x, max{t — s, 0}), {y, max{s — t, 0})), where CY — Yx I/Y x {1}. (In fact, this 
is the final map of an equi variant deformation retraction.) Thus there exists an 
equivariant map S''~^ Z. 

X *Y is equivariantly homotopy equivalent to its subset S that is the quotient 
of X xY X I X I. Shrinking to points X x {{y, y', 1, t)} and X x {{y, y', t, 1)} for 
each (y, y') G Y and < t < 1 as well as X x {(y, 1, 0)} and X x {(y, 0, 1)} for each 
y e F yields an equivariant map S ^ X * Z . The relative mapping cylinder of this 
map equivariantly collapses onto a pair that is excision-equivalent to {CX, X) x 
Z/(p, where the partial map (p: {CX,X) x Z D {CX,X) xY ^ (-^ , {0}) x Y 
shrinks each level of the cone. Since this pair is at most {m + k — 1) -dimensional, 

u^^'^''^'^ {X * Y ~ u!^^''^'^{X * Z^). Therefore the original equivariant map 

^ ^m+fc-i y-g^g equivariant map H'^X ^ Z *X ^ gm+k-i_ Tj^^^ 

e"*(x) = 0. □ 

Corollary 4.4. Let X be an n-dimensional compactum, m > ^^"^"""^ , and k > 0. 
The following assertions are equivalent: 

(i) X embeds into ; 

(a) the k-fold suspension T,^X embeds into M'"+'^; 
(Hi) the k-fold cone C^X embeds into R"^+'^; 

(iv) X *Tk embeds into M"^+^'^, where is the join of k copies of {1,2,3}; 

(v) X*Zf~ embeds into M.^'^^'' , where Zf. is the (k — l)- skeleton of the 2k-simplex. 

Proof. (ii)=^(i) and (iii)=^(i) follow by a repeated application of Proposition 4.3. 
(iv)=^(i) and (v)^(i) follow since CYk and CZk contain ^^fe-i |-,y ^j^g Flores con- 
struction (see [M5]). □ 

A shorter proof of (ii)^(i) is given by 

Theorem 4.5. Let X be an n-dimensional compactum, Y a compactum such that 
there exists an equivariant map S'^^^ Y, and assume m > ^^^^^^11. If X *Y 
admits a level-preserving embedding into M"*+^ x /, then X embeds into M"*. 

Proof. The subset of X * y consisting of all pairs (a, b) such that p{a) = p{b), where 
p: X * y — > / is the projection, is homeomorphic to X * y . So the given embedding 
yields an equivariant map E'^X ^ X *Y ^ gm+k-i^ ^^ms e""(X) = 0. □ 

Proposition 4.6. Let X be an acyclic n-dimensional compactum and Y a com- 
pactum of dimension at most | + ^^2:^ such that there exists an equivariant map 
5^-1 ^ CY. If e"^+'=(X X CY) = 0, then e'"(X) = 0. 

Proof. Let S be the subset of X x CY that is the quotient ofXxYxIxlU 
X X X X y X (/ X {1} U {1} X /). Shrinking to points X x X x {{y,y',t,l)} 
and X X X X {{y,y' ,l,t)} for each {y,y') G y as well as X x X x {(y, 0, 1)} 
and X X X x {(y,l,0)} for each y E Y yields an equivariant map S ^ X * Z, 
where Z is the double mapping cylinder of the projections Y <^ Y Y. The 
relative mapping cylinder of this map equivariantly collapses onto a pair that is 
excision-equivalent to Z x (C(X x X),X x X). Since X is acyclic, E(X x X) is 
contractible, so the projection Z x E(X x X) — Z is an equivariant homotopy 
equivalence. Hence u^^i^ ^ (C'(X x X), X x X)_|_) ~ ^^^{Z^). Therefore, since Z 

is at most (m-|- A; — l)-dimensional, we get u^]^'^^^ {S+) ~ u^]^'^^^ {X * Z^). Since 



22 



SERGEY A. MELIKHOV AND EVGENIJ V. SHCHEPIN 



there exists an equivariant map S'^ ^ ^ Z (see the proof of Proposition 4.3), the 
given equivariant map S G X x CY gm+k-i g^ygg j^jgg g^j^ equivariant map 

S^X ^ Z*X ^ gm+k-l^ Tj^^g Qm(^x) = 0. □ 

Corollary 4.7. Let X be an acyclic n- dimensional compactum, m > k > 0. 

The following assertions are equivalent: 

(i) X embeds into W^; 

(a) X X embeds into M™+''; 

(Hi) X X (triod)'^ embeds into W^^'^^ . 

The hypothesis of acyclicity can be weakened. The proof of (ii)=^(i) works for 
all X such that the (already) stable cohomotopy groups a;'^+*(X x X) = for 1 < 
i < k. The proof of (iii)^(i) works for aU X such that a;^^+^'^'^(X x X x S}^) = 
for 1 < i < k, where Z/2 acts by exchanging the first two factors and transforming 
by the antipodal involution. 

On the other hand, the dimensional restrictions cannot be dropped. If X is a 
non-simply-connected homology n-ball (i.e. a homology sphere minus an open ball), 
then X does not embed in M"^, but X x / embeds in M.'^'^^ since every homology 
sphere bounds a contractible topological manifold (Kervaire, Freedman-Quinn) , 
whose double has to be the sphere by Seifert-van Kampen and the generalized 
Poincare conjecture. One can increase the codimension in this example by consid- 
ering appropriate spines of X. 

A shorter proof of (ii)=^(i) is given by 

Theorem 4.8. Let X be an acyclic n-dimensional compactum, m > ^^^^^tli jj 
X can be instantaneously taken off itself in R'""'"^, i.e. the mapping cylinder of the 
projection X U X — > X admits a level-preserving embedding into R"^"*"^ x /, then X 
embeds in R™. 

In fact, 6{X) may be thought of as precisely the obstruction to isotopic real- 
izability (see [Ml]) of the composition of the projection X U X ^ X and some 

embedding X "-^ R2"'+^. 

Proof, hei g: X ^ W^+^ be the given embedding that can be instantaneously 
taken off itself. Then g: X ^ is homotopic to a map that extends to X x X. 
Since X is acyclic, this map must be nuU-homotopic. Combining the nuU-homotopy 
with its reflection, we get an equivariant map EX — > S"^. Hence ©"^(X) = 0. □ 

Remark. F. Quinn has shown that every tame embedding of an ANR into a manifold 
of dimension > 4 has a mapping cylinder neighborhood (see [Q]). By an argument 
of M. Cohen, this implies that X x ig collapsible for every n-dimensional 

AR X, n > 1. Indeed, by [Sht], X tamely embeds in 1^^"^+^, where its Quinn's 
neighborhood is homeomorphic to Por it is contractible and has a simply- 

connected boundary, since X is tame and so misses generic 2-disks. Let / : S'^"' — > X 
be the map such that (/2«+\ X) - (Cyl(/),X). Now X x I^^+i is the mapping 
cylinder of the projection tt: X x S'^"' — > X. It collapses onto Cyl(7r|r/), where 
P/ C X X is the graph of /. But this is homeomorphic to which is 

collapsible. 

Corollary 4.9. An acyclic n-dimensional compactum, n > 3, embeds in R^" if it 
immerses there. 
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Proof. Let (f. X ^ R^"^ be an immersion. We may think of it as a composition 

g "^9 

X ^ M S-> M , where M is a PL 2n-manifold. Since n > 2, we may assume that 
g is tame [Sht]. This means that for each £ > 0, there exists an e-pseudo-isotopy, 
taking g{X) onto a subpolyhedron of M. It foUows that g can be replaced by an 
embedding g' such that the immersion ip' = t(jg' has at most 0-dimensional double 
point set A^p/ = ((/?' x (p')~^ {Ai^2n) \ Ax C X and no triple points (compare the 
arguments in [SS]). 

Since A^/ is 0-dimensional, there exists an equivariant map A,^/ — > 5'°. Extend- 
ing it to a continuous function X — > R, where A^/ is identified with its homeo- 
morphic projection to the first factor of X x X, and C M, we obtain that the 
immersion ip' lifts vertically to an embedding ip' : X ^ M?^~^^. Then the translates 
of ^'{X) by sufficiently small distances in the vertical direction are all disjoint from 
each other, which yields an embedding X x I ^ R^"+^. Since n > 3, by Corollary 
4.7 X embeds in R^". □ 

Taras Banakh asked one of the authors in July 2006: what is the minimal dimen- 
sion of Euclidean space containing x l'^, where is the universal Menger com- 
pactum? Since there exist contractible n-dimensional compacta, non-embeddable 
into R^"^ (sec Examples 1.2, 2.17), we obtain from Corollary 4.7 the following an- 
swer^ to Banakh's question: 

Corollary 4.10. x does not embed into R^"+^. 

The motivation for Banakh's question was as follows. By general position n"' x 
embeds in ]R2n+fc+i jj? ^]^jg estimate were not sharp for k = 2?i, one would deduce 
the following result, answering [BCZ; Question 1.4] (see also [BV; Problem 6]). 

Proposition 4.11. //^"^ does not embed into ii^ x /^". 

This result, answering the question from "Open Problems in Topology II", is 
proved by the following self-contained argument. 

Proof. Let P be the 2?7,-skcleton of the (4n-)-2)-simplex, or any other 2?i-polyhedron, 
non-embeddable in R^"^. If ^u^"^ embeds in x /^"^, so does P. Hence for each e > 
it admits an £-map to Qe x for some n-polyhedron (an appropriate nerve of 
the Menger cube). Now Qs x I embeds in R^"'+^ [RSS] since Qs immerses in R^" 
with isolated double points. Hence Qg x l'^"' embeds in R^", so P quasi-embeds 
there. But for polyhedra quasi-embeddability is equivalent to embeddability in 
the case of double dimension (except 2 ^ 4) by completeness of the van Kampen 
obstruction (also it is in the metastable range by the Haefliger- Weber criterion). 
Thus P embeds in R^"', contradicting its choice. □ 

We recall (see [M5]) that the Conner-Floyd cohomological co-index of X is the 
maximal m such that the Hurewicz image h{Q'^{X)) e H'^{X;Z^'^) is nonzero, 
where Zf"^ is induced from the orientation sheaf of MP^~^ under the classifying 
map X RP°°. 

^Non-embeddability of an n-dimensional compactum cross into K^n+fe ^gj^ g^Yso be proved 
directly. The proof of Proposition 4.6 yields an equivariant homotopy equivalence S-P c:^ P x I, 

and hence S'^P ^ P x I'' for every contractible polyhedron P. One only needs to plug it for P = 
the product of n triods (or P = the cone over the (n — l)-skeleton of the 2n-simplex) into one of 
the proofs (in [RS], [KR], [RSS] or in Example 2.17 above) that P x N* does not embed into M^", 
to get that Pxl'' xN* does not embed into R^n+fe. 
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Theorem 4.12. Suppose that m > ^^^^^tli. 

(a) All n-dimensional compacta X with W{X) — for i > m embed in M"^. 

(b) Let X be an n-dimensional locally acyclic compactum with W{X) = for 
i > m. Then X embeds in R"^ if and only if com.di{X) < m. 

We note a certain similarity of (b) with the homological criterion for isotopic 
reahzabihty under the assumption of discrete reahzabihty by skeleta [AMI] , [M2] . 

Proof. By Theorem 4.2 and the preceding remark, it suffices to show existence of 
an equivariant map X S^~^ . By obstruction theory, such a map exists if the 
first obstruction h{Q'^{X)) G H'^{X] Z®™") vanishes (which is aheady given in (b)) 
and the higher obstruction groups H^^^ {X ; 7Vi{S'^~^) Z®'")) are trivial. 

Let us represent X as a union of compact subsets Kj with each Kj C Inti^j_|_i. 
Fix some i > m — 1 and A; > m — 1 for (a), i > m and A; > m for (b). By the Milnor 
exact sequence, the hypothesis of (a) implies H'^'^^{X) = and liin' H'^{Kj) = 0. 
By the universal coefficients formula for compacta [Bre], H'^'^^{X; 7rk{S'^~^)) = in 
both (a) and (b), and lim^ H^{Kj]'n:k{S^~^)) = in (a). On the other hand, since 
X is locally acyclic in (b), and Kj C IntJCj+i, the image of H^{Kj+i] 7Vk{S'^~^)) in 
W{Kj\TTk{S'^~^)) is finitely generated for each j. By Serre's theorem 7rfe(S''"~^) is 
finite, hence so is this image. Thus the inverse sequence H'^{Kj; 77^(5'^"^)) satisfies 
the Mittag-Leffier condition, so lim^ W{Kj;7rk{S'^~^)) = in (b) as weU. 

Now the Milnor sequence implies that H'^~^^{X; 7Tk{S'^~^)) — for all i,k > m—1 
in (a) and for all > m in (b). It follows from the two Smith sequences, by 
downward induction on i, that H'+^{X; irkiS"^'^)) = = H'+^{X; nk{S'^~^)(g)7^) 
for all i, /c > m — 1 in (a) and for all i, k > m in (b). In particular, this holds for 
i = k. □ 

Corollary 4.13. Every n-dimensional compactum X with H^~'^{X \x) — for 
each X E X and d < k, where k < embeds into R^"'"'^. 

Another proof of the case A; = is contained in the proof of Corollary 2.6 (see 
remark to Lemma 3.6). 

Proof. Let us represent X as a union of compact subsets Ki C K2 C . . . . Let 
Kf stand for the intersection of with {X \ x) x x. From Milnor's exact se- 
quence, \im.H'^~'^(Kf) = = lim^ H^~'^~^{Kf) foTd<k (and each x). Since each 
H^~'^{K^) is countable (being a direct limit of cohomology of compact polyhedra), 
each inverse sequence H'^~'^[K^) satisfies the Mittag-Leffier condition [Gr]. On 
the other hand, when d < k, this sequence has trivial inverse limit, that is, each 
c e H'^~'^{K^) has a nonempty preimage in H'^~^{Kj) for only finitely many j > i. 
Combined with the Mittag-Leffier condition, this implies that for each i there exists 
a j > i such that the image of H'^~'^{K^) in H'^~'^{Kf) is zero. 

Let T-C'^~'^{TVi) be the Leray sheaf of the projection iii: Ki G X x X ^ X [Bre]. 
Since Ki is compact, tt^ is closed, hence the stalks H'^~'^{7Ti)x — H'^~'^{Kf).^^ 
Consider the Leray spectral sequence [Bre] 

HP{X;W{7ri)) HP+i{Ki). 

■'■'^Note that the projection n: X G X x X ^ X is not closed, and that 'H^^'^{n)x, which is by 
definition the direct limit of H''^~'^(X nX x Ui{x)), where Ui{x) is a fundamental nested sequence 
of neighborhoods of x, may in general differ from H'^~'^{X \ x). This is why we need the KiS. 



THE TELESCOPE APPROACH TO EMBEDDABILITY OF COMPACTA 



25 



Since '^{^j) ~^ '^(^i) is zero for an appropriate j > i and all d < k, so is 
^ H'^''-'^{Ki). Also, since 7^"-'=-i(7rj) ^-^-^{TXi) does not depend 
on i > jo for an appropriate jo > i, so does H'^'^~^~^{Kj) — > H'^'^~^~^{Ki). Hence 
the sequence H'^'^~'^[Ki) has zero inverse limit when d < k and zero derived limit 
when d < k + 1. It now follows from the Milnor sequence that H'^^~'^{X) = for 
all d<k. □ 

Note that the hypothesis of Corollary 4.13 is satisfied if 

(i) if'^-^(X) ~ H'^-'^iS'^) for < d < A;, 

(ii) X \ x) ^ if'^-^(M", M'^ \ {0}) for -1 < d < A; - 1 and each xeX, and 

(iii) H'^{X,X \x) H^(X) is an isomorphism for each x & X. 

So, since generalized manifolds satisfy Poincare duality, we obtain an elementary 
proof of the following result (using Theorem 1.4 in the case k = 0, where no 
orientability is assumed). 

Corollary 4.14 (Bryant— Mio). [BM] Every homologically k-connected n-dim- 
ensional generalized manifold, k < embeds in M^""'^. 

V. M. Buchstaber asked the first author in September 2005, whether there is a 
generalization to polyhedra of the classical Penrose-Whitehead-Zeeman Theorem 
that /c-connected manifolds embed the metastable range. (See [Z], 

which includes Irwin's extension to codimension three.) Corollary 4.13 gives an 
answer, which however is not as revealing as one might expect. 

Indeed, n-polyhedra satisfying condition (ii) have links of p-simplices, p > 0, with 
top k — 1 cohomology groups isomorphic to those of 5""^"^"^. When k > 1, such 
polyhedra are polyhedral homology manifolds with codimension k + 2 singularities. 
For these, Poincare duality holds in the first k dimensions, so condition (i) along 
with (iii) is now equivalent to homological /c-connectedness: H'^{X) = for d < k. 
Thus 71-polyhedra, satisfying (i)-(iii) with k > 1 are homologically /c-connected 
polyhedral homology manifolds with (restricted) codimension k + 2 singularities. 

At the same time, the original PWZ argument works for /c-connected (genuine) 
manifolds with arbitrary codimension k + 2 singularities, as all constructions in this 
argument are disjoint from such singularities by general position. As for the case 
/c = 0, Sarkaria [Sa] noticed that the PWZ method works to embed in M^"^ every 
quotient X of a PL n-manifold M, n > 2, by a PL identification on the boundary 
such that no two components of M remain disjoint in X . Clearly, this includes all 
71-polyhedra satisfying the hypothesis of Theorem 1.3. 
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